International Journal of
Emerging Research in Management & Technology Research Article | October
ISSN: 2278-9359 (Volume-5, Issue-10) 2016

Some Fixed Point Theorems for Occasionally Weakly Compatible
Mapping in Fuzzy 2-Metric Space

Jatin S. Patel
The Research Scholar of Pacific Academy of Higher Education & Research University, Udaipur,
Rajasthan, India

Abstract:

I n this paper, we prove some common fixed point theorems in fuzzy2-metric space under the condition of occasion
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I. INTRODUCTION

Impact of fixed point theory in different branches of mathematics and its applications is immense. The first
result on fixed points for contractive type mapping was the much celebrated Banach’s contraction principle by S. Banach
[20] in 1922. In the general setting of complete metric space, this theorem runs as the follows, Theorem 1.1(Banach’s
contraction principle) Let (X, d) be a complete metric space, ce (0, 1) and f: X—X be a mapping such that for each x,
yeX, d (fx, fy) < c d(x, y) Then f has a unique fixed point a€X, such that for each xeX lim,,_, f"x = a. After the
classical result, R.Kannan [18] gave a subsequently new contractive mapping to prove the fixed point theorem. Since
then a number of mathematicians have been worked on fixed point theory dealing with mappings satisfying various type
of contractive conditions. In 2002, A. Branciari [1] analyzed the existence of fixed point for mapping f defined on a
complete metric space (X,d) satisfying a general contractive condition of integral type.

The aim of this paper is to generalize some mixed type of contractive conditions to the mapping and then a pair
of mappings, satisfying a general contractive mappings such as R. Kannan type [18], S.K. Chatrterjee type [21], T.
Zamfirescu type [23], etc.

It proved a turning point in the development of fuzzy mathematics when the notion of fuzzy set was introduced
by Zadeh [24] in 1965. Following the concept of fuzzy sets, fuzzy metric spaces have been introduced by Kramosil and
Michalek [13] and George and VVeeramani [7] modified the notion of fuzzy metric spaces with the help of continuous t-
norm, which shows a new way for further development of analysis in such spaces. Consequently in due course of time
some metric fixed point’s results were generalized to fuzzy metric spaces by various authors. Sessa [19] improved
commutativity condition in fixed point theorem by introducing the notion of weakly commuting maps in metric space.
Vasuki [19] proved fixed point theorems for R-weakly commuting mapping. R.P. Pant [16, 17] introduced the new
concept of reciprocally continuous mappings and established some common fixed point theorems. The concept of
compatible maps by [13] and weakly compatible maps by [14] in fuzzy metric space is generalized by A.Al Thagafi and
Naseer Shahzad [2] by introducing the concept of occasionally 1weakly compatible mappings. Recent results on fixed
point in fuzzy metric space can be viewed in [5, 6].

In this paper we prove some fixed point theorems for occasionally weakly compatible owc mappings which
improve the result of Rajesh Kumar Mishra and Sanjay Choudhary [15].

Il. PRELIMINARIES

Definition2.1 [22]: A binary operation *: [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if it satisfies the
following conditions:
(1) *is associative and commutative,
(2) *is continuous,
(3) a*1=aforallac€l0,1],
(4) a*b<c*dwhenevera<candb <dforalla, b, c,de [0, 1],
Two typical examples of continuous t-normare a * b = ab and a * b = min (a, b).

Definition2.2[7]: A 3-tuple (X, M,*) is called a fuzzy metric space if X is an arbitrary
(Non-empty) set, * is a continuous t-norm and M is a fuzzy set on X2 x (0, «)satisfying the following conditions: for all
X,y,Z€ Xandt,s>0,
(1) M(x,y,t)> 0.
(2) M(x,y,t)=1 ifandonlyifx =Yy,
() My, t) = M(y,xt).
4) M(X, y,t)*M(y,z5s) < M(x,zt+s).
(5) M(x,y,.): (0,00) - [0,1] is continuous.
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Let M(x, vy, t) be a fuzzy metric space. For any t > 0, the open ball B(x, r, t) with center xe X and radius 0 <r < 1is

defined by B(x, r, t) = {y € X: M(x, y, t) > 1 — r}. Let (X, M,*) be a fuzzy metric space. Let s be the setofall A — S
with x € A if and only if there exist t > 0 and 0 < r <1 such that B(x, r, t) C A. Then s is a topology on X (induced by the
fuzzy metric M). This topology is Hausdorff and first countable. A sequence {x,} in X converges to x if and only if M
(2, x, )= 1asn— oo forallt>0. Itis called a Cauchy sequence if, forany 0 <e <1 andt > 0, there exits

ng € N such that M (x,,, x,,, t) > 1 —¢ for any n, m > n, The fuzzy metric space (X, M,*) is said to be complete if
every Cauchy sequence is convergent. A subset A of X is said to be F-bounded if there exists t >0 and 0 <r < 1 such that
M(X, y,t)>1—rforallx,y € A

Example2.3: Let X = R and denote a * b = ab for all a, b € [0, 1]. For any t € (0,«), define

M(x, y, 1) = — ch—yl for all x, y € X. Then M is a fuzzy metric in X.

Definition2.4 [9]: Let f and g be mappings from a fuzzy metric space (X, M,*) into itself. Then the mappings
are said to be compatible if, for all t > 0,

lim M (fgx,, gfx,,t) =1
n-—oo
Whenever {x,} is a sequence in X such that
lim fx, = lim gx,, = x € X.
n-—oo n—oo

Lemma2.5: Let (X, M,*) be a fuzzy metric space. If there exists q € (0, 1) such that M(x, y, qt) = M(x, y, t) for
allx,ye Xandt>0,thenx=y.

Definition2.6: Let X be a set, f and g self maps of X. A point x € X is called a coincidence point of f and g iff
fx = gx. We shall call w = fx = gx a point of coincidence of f and g.

Definition2.7 [11]: A pair of maps S and T is called weakly compatible pair if they commute at coincidence
points. The concept of occasionally weakly compatible is introduced by A. Al-Thagafi and Naseer Shahzad [2]. It is
stated as follows.

Example2.9 [2]: Let R be the usual metric space. Define S, T: R»R by Sx = 2x and Tx = x? for all x € R.
Then Sx = Tx for x =0, 2 but STO = TS0 and ST2 # TS2. S and T are occasionally weakly compatible self maps but
not weakly compatible.

Lemma2.10 [12]: Let X be a set, f and g occasionally weakly compatible self maps of X. If f and g have a
unique point of coincidence,w = fx = gx, then w is the unique common fixed point of f and g.

Definition2.11: the 3-tuple (X, M,*) is called a fuzzy 2-metric space if X is an arbitrary set, * is a continuous t-
norm and M is a fuzzy set in X3 X [0, ) satisfying the following conditions: for all X, y, z, u € X and t;, t,, t3 > 0,
(1) M(x,y,z,0)=0,
(2) M(x, y, z,t) = 1 for all t > 0 (only when the three simplex X, y, z degenerate)
B)YMX, Y, 2, t) =M, 2, Y, ) =M (Y, Z, X, ) =....cerinnn
(4) M(x, Y, Z, Wty + ty + t3) =*(M(X, Y, U, t; )*M(X, U, ,t,)*M (u, Y, z,t3)
(5) M(x, y, z, .): [0, 1) x [0, 1] is left continuous.

Definition 2.12: Let (X, M,*) be a fuzzy- 2 metric space.
(1) A sequence {x,} in fuzzy -2 metric space X is said to be convergent to a point x € X (denoted by
limx, =x or x, = x
n-—oo0
if forany 2€ (0,1) and t >0, there exists ny € N such that foralln >nyanda € X, M (x,,,x,a,t)>1— 2
That is
lim M (x,,x,a,t) =1 foralla € X and t > 0.
n—oo
(2) A sequence {x,} in fuzzy- 2 metric space X is called a Cauchy sequence, if for any 2 € (0,1) and t > 0, there exists
ng€ N such that for all m n =n, and a € X, M (x,x, a )>1-21

(3) A fuzzy- 2 metric space in which every Cauchy sequence is convergent is said to be complete.

Definition 2.13: Self A function M is continuous in fuzzy 2-metric space if x,, = x,y, — y, then
lim M (x,,y,,a,t) = M(x,y,a,t) foralla € X and t > 0.
n—oo

Definition 2.14: Two mappings f and g on fuzzy 2-metric space X are weakly commuting iff
M (fgu, gfu,a,t)>M (f u, gu, a,t) foralla,u € Xand t > 0.
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Il. MAIN RESULT
Theorem 3.1: Let (X, M, *) be a complete fuzzy 2-metric space and let A, B, S and T be self mappings of X.
Let the pairs {A,S} and {B, T} be occasionally weakly compatible. If there exist ¢ € (0,1) such that
M (Sx, Ty, a,t), M(Sx, Ax, a,t),

min aM(Ax, Ty,a,t)+ M (By,Sx,a,t)
a+pf '

M(AX, Ty, a,t),M(By, Ty, a,t)

£(t)dt

Forallx,y,ae X,t>0and a,b,c,d = 0 with a & b,c & d cannot be simultaneously 0, then there exist a unique point
w € X such that Aw = Sw = w and a unique point z € X such that Bz = Tz = z. Moreover w = z, so that there is a
unique common fixed point of A, B, Sand T.

Proof:
Let the pairs {A,S} and {B, T} be occasionally weakly compatible. So there are points X, y € X such that Ax = Sx and

By = Ty. we claim that Ax = By, if not, by inequality (1)
M (Sx, Ty,a,t), M(Sx, Ax,a,t),

j(')\/l(AX’By’a’qt)g’(t)dt > IO

in aM(Ax, Ty, a, t+LM(By,Sx, a,t)
a+p '

m

M (Ax, By, a,t), M(Ax, Ax, a,t),

aM(AX, By, a,t)+SM(By, Ax, a,t)
min a+p '

M(AX, By, a,t),M(By, By, a,t
> ]y (Ax, By, a,1),M(BYy, By, a,t) £(t)dt
. j{min{M(Ax, By, a,t),1, M(Ax, By, a,t),1, M(Ax, By, a,t),l}}
=0
M(Ax, By, a,t)
> jc{) }g“(t)dt
Therefore using lemma 2.5, we have Ax = By, i.e. Ax = Sx = By = Ty. Suppose that there is another point z such that
Az = Sz then by inequality (1) we have Az =Sz=By =T, so Ax = Az and w = Ax = Sx is the unique point of
coincidence of A and S. Similarly there is a unique point z € X such thatz = Bz = Tz.
Assume that w # z. We have by inequality (1)
M (Sw, Tz,a,t), M(Sw, Aw, a,t),
aM(Aw, Tz a,t+SM(Bz,Sw, a,t)

g (t)dt

min a+p

j(I)\A(AW’BZ’a’qt)g(t)dt N fo M(Aw, Tz,a,t),M(Bz, Tz,a,t) @)t

M (w, z,a,t), M(w,w, a,t),

aM(w, z,a,t)+SM(z,w, a,t)

min a+p ’
I(I)\A(W’Z’a’qt)g“(t)dt S fo M(w, z,a,t),M(z, z,a,t) @)t
j(')\/l(w’z’a’qt)g(t)dt N I({)mln{M (w, z,a,1),1M (w, z,a,t),1,M(w, z, a’t)’l}}g(t)dt
N IéM (w, Z'a’t)}/;(t)dt

Therefore we have w = z, by Lemma 2.10 z is a common fixed point of A, B, Sand T.
To prove uniqueness let u be another common fixed point of A, B, Sand T. Then
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min

M(Az,Bu,a,qt)

Io S(tydt > [y

M(Az, Tu,a,t),M(Bu, Tu,a,t)
M (z, u,a,t),M(z,z2,a,t),

aM(z, u,a,t)+pM (u,z,a,t)

a+pf

min

o
Take a=f£=1and 1=0

M(Az,Bu,aqt)

I @t =

M(z, u,a,t),M(uu,a,t)

(M (zu

a+f

¢ (t)dt

,a,qt)} M (zua1)

S(t)dt > [,

Therefore by lemma 2.5, we have z = u.

Z(t)dt

£(t)dt.
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Theorem 3.2: Let (X, M, *) be a complete fuzzy 2-metric space and let A, B, S and T be self mappings of X.
Let the pairs {4, S} and {B, T} be occasionally weakly compatible. If there exist g € (0,1) such that

min

j(')\A(AX’By'a‘qt)g“(t)dt > IO

M (Sx, Ty, a,t), M(Sx, Ax, a,t),

aM(Ax, Ty,a,t)+ M (By,Sx, a,t)

a+pf

M(Ax, Ty, a,t),M(By, Ty, a,t)

£(t)dt

Forall x,y,a€e X,t>0and a,b,c,d = 0 with a & b,c & d cannot be simultaneously 0 and @ : [0,1] - [0,1] such
that @(t) >t for all 0 < t < 1 then there is a unique common fixed point of A, B, Sand T.

Proof:

Let the pairs {A,S} and {B, T} be occasionally weakly compatible. So there are points X, y € X such that Ax = Sx and
By = Ty. we claim that Ax = By, if not, by inequality (2)

min

I(I)\/I(Ax,By, a’qt)g(t)dt > IO

M (Ax,

M (Sx, Ty, a,t), M(Sx, Ax,a,t),

aM(Ax, Ty, a,t)+SM(By,Sx, a,t)
a+pf '

M(AX, Ty, a,t),M(By, Ty, a,t)

By, a,t), M(Ax, Ax, a,t),

min

>j0

=70
zf({)

aM(Ax, By, a,t)+M(By, Ax a,t)

M(AX, By, a,t),M(By, By, a,t)

M(AX, By, a,t)|

a+p

C(t)dt

¢{min{M(Ax, By, a,t)1,M(Ax, By, a,t),1,M(AX, By,a,t),l}}
> ||

S (t)dt
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Therefore using lemma 2.5, we have Ax = By, i.e. Ax = Sx = By = Ty. Suppose that there is another point z such that
Az = Sz then by inequality (2) we have Az=Sz=By =T, so Ax = Az and w = Ax = Sx is the unique point of

coincidence of A and S. Similarly there is a unique point z € X such thatz = Bz = Tz.
Assume that w # z. We have by inequality (2)
M (Sw, Tz,a,t), M(Sw, Aw, a,t),

aM(Aw, Tz,a,t)+M(Bz,Sw, a,t)

#imin a+p
f(')VI(AW’BZ'a’qt)é'(t)dt S fo M(Aw, Tz,a,t),M(Bz, Tz,a,t) )t
M (w, z,a,t), M(w, w,a,t),
aM(w, z,a,t)+M(z,w,a,t)
#{min a+p '
j(')\/l(w’z’a’qt)g“(t)dt S fo M(w, z,a,t),M(z, z,a,t) )t
min{M (w, z,a,t),1,M (w, z,a,t),1,M(w, z,a,t),1
2200 4y (81 o
N féM (w, Z’a’t)}g“(t)dt

Therefore we have w = z, by Lemma 2.10 z is a common fixed point of A, B, Sand T.

To prove uniqueness let u be another common fixed point of A, B, S and T. Then
M (Sz, Tu,a,t), M(Sz, Az, a,t),

aM(Az, Tu,a,t)+pM (Bu,Sz,a,t)

#Imin a+p
j(')\A(AZ'BU’a'qt)g’(t)dt S IO M(Az, Tu,a,t),M(Bu, Tu,a,t) Syt

M (z, u,a,t),M(z,z,a,1),

aM(z, u,a,t)+AM (u,z,a,t)

#Imin a+p ’
_ fo M(z, u,a,t),M(u,u, a,t) ()t

Take a=£=1and 1=0
O T T

Therefore by lemma 2.5, we have z = u.

Theorem 3.3: Let (X, M, *) be a complete fuzzy 2-metric space and let A, B, S and T be self mappings of X.

Let the pairs {A,S} and {B, T} be occasionally weakly compatible. If there exist g € (0,1) such that

M(Sx, Ax, a,1),M (Sx, Ty, a,t),(By,Sx, a,t),

aM(Ax, Ty,a,t)+ M (By,Sx, a,t)
$imin a+pf '

I(l)\/I(Ax,By, a’qt)cj(t)dt > 1o M(Ax, Ty, a,t),M(By, Ty, a,t) £yt
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Forallx,y,a€ X,t>0and a,b,c,d = 0 with a & b,c & d cannot be simultaneously 0 and @ : [0,1]” - [0,1] such
that @(1,¢t,t,t,1,t,1) >t for all 0 < t < 1then there is a uniqgue common fixed point of A, B, Sand T.
Proof:

Let the pairs {4,S} and {B, T} be occasionally weakly compatible. So there are points x, y € X such that Ax = Sx and
By = Ty. we claim that Ax = By, if not, by inequality (3)
M(Sx, Ax,a,t),M (Sx, Ty, a,t)(By,Sx, a,t),

aM(Ax, Ty, a,t)+M(By,Sx, a,t)
$Imin a+p ’

I(l)\/I(Ax,By, a'qt)g(t)dt 1o M(Ax, Ty, a,t),M(BY, Ty, a,t) (bt

Take a =p=1,41=0

¢{min{1’M(AX’ By, a,t)(Ax,By, a,t),

(Ax,By, a,1),1,(Ax,By, a,t),1

=y Hca)dt

>I({)(Ax, By,a,t)}| )t
a contradiction therefore Ax = By, i.e. Ax = Sx = By = Ty. Suppose that there is another point z such that Az = Sz
then by inequality (3) we have Az = Sz = By =T, so Ax = Az and w = Ax = Sx is the unique point of coincidence of
A and S. Similarly there is a unique point z € X such that z = Bz = Tz.
Thus z is a common fixed point of A, B, S and T. The uniqueness of the fixed point holds from (3)
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